en 

o 



X) 



00 
(N 






C^ 



NORMAL BUNDLE OF RATIONAL CURVES AND 
WARING DECOMPOSITION 

ALESSANDRO BERNARDI 



Abstract. The problem of deterniining the splitting of the normal 
flj ' bundle of rational space curves has been considered in the 80s in a series 

Tj, I of papers by Ghione and Sacchiero and by Eisenbud and Van de Ven. 

With our approach we are able to obtain results for curves embedded in 
P™' for m, > 3 and we find an interesting interplay between the Waring 
decomposition of binary forms and the splitting of the normal bundle. 



1. Introduction 



< 

"jrt ' In this work we address the problem of classifying the rational curves 

C C P™ of degree n (with n > m) by the splitting type of their normal 
bundle Nc-p^ and their restricted tangent bundle T¥"^\c- 
. We choose a projective point of view, by considering the rational normal 

^~>. I curve Cn C P" so to view our degree n curves as projections of Cn from a 

iC) • linear space L = P . The projected curves C lie in a projective space of 

'^ i dimension ?n, = (n — k). 

Zj. ' We point out that we are interested to the case with at most ordinary 

•^ ■ singularities, as in the work of Ghione and Sacchiero (see j4j). 

(<— ^ I We define the scheme H"^'"' as the component of the Hilbert scheme 

^SJ ■ Hilb„ P™ of arithmetic genus zero curves of degree n in P™ containing the 

smooth curves as an open subset. 

We denote with N'^_i^{ni, ...,nn-k-i) the subscheme which parametrizes 
the curves such that the splitting type of their normal bundle N^.^n-k 

M ■ {ni,---,nn-k-i)- 

We will be working directly in the Grassmannian Gr(P^~-'^,P"), since 
its subset is N^_f^{ni, ...,nn-k-i) parameterizing subspaces L such that 
the curve obtained by projecting from L has normal bundle isomorphic to 
®^=i ~ Opi{ni), has the same codimension and number of irreducible com- 
ponents as Af^_f^{ni, ...,n„_fc_i). We can study directly the basic structure 
of these subvarieties in the Grassmannian. Since the dimension of the Grass- 
mannian is lower than the dimension of the Hilbert scheme, this allows easier 
computations. 

The main advantage of this approach is that we can relate the splitting 
of the normal bundle of the projected curve to geometric properties of the 
subspace L. 
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The main novelty is the interplay between the Waring decomposition and 
some geometric properties of the subspace L. 

A Waring decomposition of a polynomial / of degree n is an expression 
/ = X]f=i /" where deg/j = 1. Such an expression means that the point 
corresponding to / in P"" = P(C[s, t]„) belongs to a (p — 1)— secant space P^ 
to the rational normal curves. 

For all n G N, we define p^ E N as follow: 

n — 3k + r — 1 , for 3k < n — 1 and r < 2k — 1; 

r , for 3k > n — 1 and 1 < r < n — k. 

When pr < {n — k+l)/3, we prove (Theorem 14. 7| p IH]) that the following 
conditions are equivalent: 

i) the curve C = TTiiCn) C P""'' projected from L = P''"^ has 

where A = n— 1 — pr — k and B = [-^\ ■ 
ii) the centre of projection L = f^^^ is general among those P^^^ con- 
tained in the base locus of a linear system <I> generated by pr linear 
independent P"~^'s which intersect C„ in degree n — 2. 

This kind of problems has been considered in the 80s in a series of papers 
in the case of rational curves in P^ by Ghione and Sacchiero (see |4j and |16| ) 
and by Eisenbud and Van de Ven (see [2] and [3]). They used two different 
points of view but their results can be resumed in the following way: 

the varieties N^{ni,n2), for any ni + n2 = 2n — 2, are irreducible of 
codimension codim(A'^^(ni,n2)) = diinExt^{N(j.p3N(j.p3), for a general C G 
N^ini,n2). 

Few facts in this line of research are known for P™", with m = n — k > A. 
The only two papers devoted to this case are the ones of Sacchiero (see [15j) 
and of Miret (see [TO]). 

We work also with the splitting of the restricted tangent bundle T¥^~^\^^i(j\. 
The first results in this direction were given by Ramella in her doctoral the- 
sis (see |14| ) where she proved that the splitting of the normal bundle and 
of the tangent bundle are surprisingly very little related. Let us mention 
that Verdier claimed (without proof) in | il8j a very general result, saying 
that the varieties of rational curves of degree n in any P*^"^ with fixed split- 
ting type of their restricted tangent bundle are irreducible of codimension 
exii(rP'^-'=|c(-l), rP"-'=|c(-l)). The proof of this resuh was clarified later 
by Ramella (see |13)). 

For all n € N, let us define (5r € N as follow: 

^ { T J for 2k < n and 1 < 2r < fc — 1; 

'' ' In — 3/c-|-r — 1 , for 2k > n and r < n — k — 1. 

When 6r < (n — fe-|-l)/2, we prove in Theorem l4.12l (p ilSp a similar result 
to what is done in Theorem 14.71 for the normal bundle. Namely, we have 
that the following conditions are equivalent: 
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i) the curve C = 7TL{Cn) C P""'' projected from L = P'^'"^ has 

rP"-\^(C„) ^ Opi(n+l)^'-eOpi(n+l+5)^-'=+^-^eOpi(n+2+5)'=-^-^), 

where A = n — 6r — k and B = [-^\ . 
ii) the centre of projection L = f^~^ is general among those P*^~i con- 
tained in the base locus of a linear system $ generated by 6r linearly 
independent P"~^'s which intersect Cn in degree n — 1. 

In the last section we describe the case of rational space curves of degree 5. 
In this case the geometric description allows also to prove the irreducibility 
and to compute the codimension and the multi-degree of N^{7, 11). 

In particular we prove in Theorem 15.71 (pIlSp the following result: 

A'^l (7, 11) is an irreducible variety of codimension 3 and bidegree (1,6) 
formed by the lines L = P^ that belong to a 3— secant plane to the rational 
normal curve C5. 

More recent contributions in the case of plane curves can be found in 
the work of Gimigliano, Harbourne and Ida (see [5]) where they related the 
above problems to the problem of determining the resolution of plane fat 
point schemes. 

2. ApOLARITY AND WARING'S PROBLEM 

2.1. Catalecticant and Apolarity Setup. In the following section we 
want to fix the notation and to recall some results about connection with 
apolarity theory, catalecticant homomorphisms for binary forms and secant 
varieties of rational normal curves (see |t9j). 

2.1.1. Contraction Action and Catalecticant Morphism. Let y be a complex 
vector space with dime V = 2 and basis xq, xi. We consider the ring of homo- 
geneous polynomial S = ©j>o Sym* V, where Sym* V is the i— th symmetric 
power of V. The dual basis of V"^ can be denoted by do = aj-, 9i = -^r and 
T = ^j>o Sym* V"^ is the dual ring of S. The di's are operators acting on 
the Xj's and viceversa. This is called the contraction action. 

Definition 2.1. If we fix a form / E Sym" 1/, we can associate to / a 
catalecticant homomorphism for all 1 < e < n — 1 : 

C/(e, n - e) : Sym""*^ V"^ -^ Sym*^ V, where (j) ^ (j)o f, 

the corresponding matrix is called the catalecticant matrix Cat/(e, n — e), 
where we choose as basis for S the monomials x^^^ = — , — rxfPx^^ with E = 
(eo, ei) G N^ and eo + ei = e. For a binary form / E Sym" V : 

f = aoxj} + ... + r^jaax'^-'^xf + ... + a„x^, 
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the corresponding e— th catalecticant matrix is : 



Catj(e, n — e) 






\ fle 



Oe+l 



'^n— e— 1 (^n—e 
Q-n— e '^n— e+1 



Remark 2.2. Clearly the transpose Catj(e,n — e)* satisfies: 

Catj(e, n — e)* = Cat/(n — e, e). 

Definition 2.3. To each element / G S'„ we can associate the ideal If = 
Ann{f) in T, consisting of polynomials such that 0o/ = 0. We call and 
/ apolar to each other and If is the apolar ideal of /. 

One associates to / also the quotient algebra Af = T /If . Macaulay called 
the ideal If a "principal system", while we know them as Gorenstein ideals, 
since Af is a Gorenstein Artin algebra. 

If p = (ao,ai) G C^. let Lp denote the linear form: 

Lp = a^XQ + aixi G Si. 
Remark 2.4. We have the following useful equality: 



LI 



<Pip)L. 



n—e 
P ' 



for all G Te, e < n and any Lp. With abuse of notation we will write (j){Lp) 
for 4){p). 

Definition 2.5. Consider the forms f ^ Sn that can be written as a sum: 

/ = ^n + ... + L«, 

for some choice of linear forms Li, ...,Ls G Si. They form the image of the 
regular map: 

s~times 



fi : Si X ... X Si ^- Sn, 

defined by /u(Li, ..., Lg) = L" + ...L". Let us denote by PS{s, n) this image. 
Its algebraic closure is an irreducible affine variety and it is invariant under 
multiplication by elements of C* . 

Remark 2.6. If we consider the Veronese n— th map z^^ : P^ — )■ P", its image 
Cn = J^n(IP^)) IP^ — IPl-S*!) is the rational normal curve of degree n, Cn C 
P" ^ F{Sn). If s < dimcT„ = n + 1, then for any forms Li,...,Ls the 
projectivization of the span < L", ..., L" > is an (s — 1)— plane that intersects 
the rational normal curve in the points f„(< Li >) =< L"^ >, i = l,..,s. 
Thus ¥PS{s, n) is exactly the s— secant variety to the rational normal curve: 
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Remark 2.7. If / E PS{s, n) and / = L" + ... + L" , then for e < n and every 
(j) G Tn-e, we have: 

cl)of = ct>{Li)Ll + ... + ^{L,)Lt. 

This shows that Se{f) the image of the catalecticant homomorphism Cf{e, n— 
e) has dimension < s. Hence the (s + 1) x (s + 1) minors of the catalecticant 
matrices Cat/(e, n — e) vanish on PS{s,n). 

2.2. The Grassmannians of secant varieties of curves. It is weh known 
that curves C in P" are not defective (see for example [19]), i.e the secant 
varieties (7r{C) all have the expected dimension min{n, 2r + 1}. Moreover, 
we have the following well known result (see for example [7J): 

Proposition 2.8. A smooth, non degenerate projective curve C C P" is 
projected isomorphically from a point p € F^ to P"~i if and only if p does 
not belong to the secant variety 0"2(C) ofC. 

We are interesting in considering projections of curves from some linear 
subspace. In this case if a linear span H oi r + 1 points of C contains the 
center of projection, then it determines a (r + 1)— secant space for the image 
C of dimension less then r. In analogy with the theory of secant varieties 
CTr^C) one may ask about the expected dimension of these Grassmannians 
of secant spaces. 

Definition 2.9. Let C C P" be an irreducible non degenerate curve. We 
define the secant varieties as Gr{C) C Gr(P'',P"'), where: 

Gr{C) = {H C P" : if is the span of r + 1 independent points of C}, 

and 

Gr = {p e P" : p G i? for some H G G^(C)}, 
Since C is irreducible, then Gr{C) is irreducible of dimension r + 1. 

If one considers, in the incidence variety of Gr(P'',P") x P", the subsets: 

I{C) = {{H,p) : p & H,H is spanned by r + 1 independent points of C}, 

then Gr{C),ar{C) correspond to the closures of the two natural projections 
I{G) -^ Gr(P'',P") and /(C) -^ P". In particular dim /(C) = 2r + 1 and 
since C is not defective, the map /(C) -^ ¥^ is generically finite when 
2r + 1 < n, while otherwise it has general fibers of dimension 2r + 1 — n. 

Definition 2.10. We denote by Gs,r{C) the following subset of Cr(P",P"): 



Gs,r{C) = {he Gr(P^P") -.hcH for some H G Gr{G)}. 

These objects are the Grassmannians of secant varieties of C. Observe that 
Go,r{G) coincides with ar{G). 

The elements of Gs,r{G) are contained in the Grassmannian of s— planes 
of some A:— plane H G Gr{C). Thus we always have: 

dim G,,^(C) <dimGr{¥'X') + Gr{C) = {s + l){r - s) + k + 1. 



6 ALESSANDRO BERNARDI 

Furthermore: 

dimGsAC) <dimGr(P^P") = {s + l){n-s). 

Definition 2.11. We define the expected dimension of Gs^r{C) as: 

expdim{G s^r{C) = min{(s + l)(n — s), (s + l)(r — s) + r + 1}. 

Chiantini and Cihberto proved that the actual dimension of Gs^r{C) is 
always equal to the expected one. 

Theorem 2.12 ([Ij). The dimension of Gs,r{C) is equal to the expected 
dimension: 

min{(s + l)(n — s), (s + l)(r — s) + r + 1}. 

There is a relationship between Gs,riCn) and simultaneous additive de- 
compositions of a set of binary forms, as this easy result shows: 

Proposition 2.13. Let /o,---,/s ^ Sn- They have a simultaneous additive 
decomposition, i.e. there exist Li, ...,Lr+i € Si such that: 

Ji = CiLi + ... + Cj._^iL^.^i, ^ = 0, ..., s, 

with Cj- G C, if and only if the corresponding points pf. G P" belong to some 
(r + 1) — secant space H to Gn- If they are linearly independent, we have 

<Pfo^-,Pfs >€ Gs,r{Cn)- 



3. Rational Curves of degree n in 



sm—k 



Let CcP" ,n — A;>2, bea rational curve of degree n with only ordi- 
nary singularities. By Grothendieck-Segre's theorem (see [6]) we can write 
N(j.fn-k = ®^Zi ~ Ofi{n + di). On the other hand we have ci(A^c'-P"-'=) = 
(n-fc + l)n-2, so ^^=1"^ ^i = 2n - 2. Let to,ii G r(P\C'pi(m)) be two 
section and A = ®„>o ^m- Let 1/; : P^ ^ pn-fc j-^g ^.j^g morphism defined by 
■0i € r(P-^, C'pi(n)). Let C = V(IP^)) we suppose that it has only ordinary 
singularities, i.e. the map of differential fibre bundles ^tp : tp*^fn-k — )• fipi 
is surjective. 

Definition 3.1. For rational curves of degree n in P*" we define the scheme 
jjm,n g^g ^Yie component of the Hilbert scheme Hilb„ P"* of rational curves of 
degree n in P™ containing the smooth curves as an open subset. Moreover 
we denote with N^{ni, ...,nm-i) the subscheme of curves with splitting type 
of their normal bundle (ni, ...,nm-i) and with T^(ii, ...,tm) the subscheme 
of curves for which the splitting type of the restricted tangent bundle is 

(tl, ...,tm)- 

As we noticed in the introduction, we will work directly in the Grassman- 
nian Gr(P , P"). The main advantage of this approach is that we can 
relate the splitting of the normal bundle of the projected curve to geometric 
properties of the centre of projection L. 
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Let C„ C P" be the rational normal curve of degree n and f„ : P"*^ — )■ P" 
be the Veronese map, so Cn = ^'^(P"'^). Let 7^L{Cn) be the rational curve 
obtained from C„ by projection from a (A; — l)-dimensional linear subspace 
C P". We will suppose that 7ri(C„) has only ordinary 



on 



T>n—k 



L C 

singularities. Let J(i^„) be the Jacobian matrix of f„: 

-"-1 ... t"-i 



J{u„ 



ns 



„n-l 



s"-^ ... nt"~i 

Since we are mainly interested in studying the splitting of the normal bundle 
of rational curves, we restrict our attention to the case k < n — 2. 

The Euler's exact sequence on P"~'^^ restricted to TTL{Cn) (see [8], |11| ) 
and the usual one for the normal bundle on irL{Cn) — P^, give rise to the 
following diagram, where degC'^^((7^-)(l) = 1 : 





o 



TVLiCn) 



-^O. 



7ri,{C„) 



o. 






0^O.,(c„)(2) 



-^TP' 



•n—k 



7Tl{C„) 



-> N'. 



vrL{C„);E 











where A^' 



■^L{Cny,r" 



is the equisingular normal sheaf (see Def.3.4.5 |17j) 



Therefore the following exact sequence holds: 

(1) 



O^O. 



ttl{C, 



0(1) ^ <-'7ri(C„) 



\n 



in— fc+l 



N' 



tl(C„);IF 







Remark 3.2. We can observe that if ttl^Cu) has only ordinary singularities, 
then the map of differential is surjective (see [3]), so N'^ /(j\.pn-k is a vector 
bundle. We will consider only cases with ordinary singularities, so we will 
indicate iV'^^(c'^).p„-fc as A^^^(c'^).p„-fc. 

Remark 3.3. We observe that degN^^i(j\.^n-k{—n) = 2n — 2, equivalently 

degN^ iQ\.pn-k = n^ — {k — l)n — 2. It is a vector bundle of rankn — k — 1. 

Moreover by Grothendieck-Segre's theorem (see [6]) N^^rQ\.^n~k splits as: 

n—k—l n—k—1 

G3 ^TrL(Cn)i^i) with Ui € Z, such that 2, ni = n — [k — l)n — 2, 
where, without loss of generality, we can take ni < • • • < Un-k-i- 
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Remark 3.4. It's easy to show that: 



Nc^.,vn = 02r\n + 2). 



Let us denote by: 



Syz{J{un)) 



-2st 



t^ 




-2st 




s2 
-2st s^ 



\ 







V 



e 



-2st s^ 



J 



the syzygy of the Jacobian matrix J{i'n), where Syz{J{vn)) is a (n — 1) x 
{n + 1)— matrix. 

Moreover we have an exact sequence obtained by the projection vrf, twisted 
by 0^^(c^){-n): 



(2) 
where: 







(1^ 









0, 



[pl ■■■ Pk], 



where pi = (ag,...,a^) € P", for i = l,...,/c, are a set of points which 
generate the subspace L C P" . 

Let y be a 2-dimensional complex vector space, and consider the fohowing 
diagram: 

(3) 











n— 1 



— ^o. 



nL{C„) 






which we can complete and write down in a more invariant way: 
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(4) 



p 



-^C^'®0.,(c.„) 



'^(''") r. r,^.Z.^ Syz{J{v„))^ ^_2 



^ F 0.,(C„)(-n + 1) > Sym- V ® 0,^(^0 






^ F 0.,(C„)(-n + l/-^^^^^^ ^ a 



-^ A^, 



where the map (A/'„ ^) is: 



(ACfc)* = Syz{J{un)) 



T^L{Cn)\ 



-fc(-n) >0 







Lq ... 



a^t^ — 2a\ts + a\s^ a\t^ — 2a\ts + a\s^ 



0^2*^ - 2a;^_its + a^^s 



1 „2 



a^t^ - 2a\ts + OjS^ a\t^ - 203*5 + a|s^ . . . 0^.2*^ - 2a^_its + a^s^ 
The last exact column of (j4]) gives us some information about the splitting 

Lemma 3.5. // iriiCn) has only ordinary singularities, then the splitting 
type of N' ^i(j\-pn-k must he (ni, ...,n„_fc_i) with n + 2 < ni < ... < 
nn-k-i <n + 2 + 2k. 

If we consider the exact cohomology sequence which is the dual of the last 
exact column of ([4]), we get from a more invariant point of view: 



^ (^7ri(C„);P"-* 



(n + 2)) ^ ker{Sym"-2 y* ^^ ^k ^ ^^^2 y^ 



while i?^(iV^ ,^ ..p„_fc(2n-2)) is the cokernel of 7V^^^ which is the 3/cx(n-l) 



matrix: 



/ 



iV, 



n,k 



-2a\ 



-2a\ 

\ «2 



-^71-2 



\ 



-2a. 



n-l 
1 



''n-2 



-2a. 



ra-l 
k 
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Remark 3.6. i. We have that deg(A'^^ ,^ -,.pn-fc('^ + 2)) = —2k and 

^°(^-l(C„);P"-^(^ + 2)) = n - 1 - rank(iV^_;.,) = dimker(iV^^;.). 
Therefore we have: 

2 < rank(7V^fc) < min{n - 1, S/c}, 

so 

< /i°«^(c„);Pn-.(^ + 2)) < n - 3, 
but as rank(A^'^ ,„ -,.p„_fc(n + 2)) = n — A; — 1 we have that, by 
Grothendieck-Segre's theorem (see [6]): 

n— fc— 1 

^^i(C„);P3 ("- + 2) sphts in Opi (n^), 

j=i 
with 

—2k < n'l < ... < n'n-k-i ^ and n'l + ... + n'n-k-i = —2k. 

ii. We have that: 

rank(A''„ ,ij) = min{n — 1, 3A;} if and only if h {N^ ,^ \.'^-a-k{n + 2)) = 0, 

which is equivalent to 

iV^^(C„);pn-fe(^ + 2) ^ Cpi(n'o) © ... © 0pi(n'„_fc_2), with ah n'i ^ 0. 

Moreover: 

rank(A'^„ ^) < min{n — 1, 3A;} 

if and only if 

/i°(iV,';(C.„);pn-fe(n + 2)) = n - 1 - rank(7V„^,fc), 
which, when /c < r, is equivalent to: 

^.,(C„);P"-^(^ + 2) = Opi -'='©^^(n + 2), 

where rank(J-') = rank(A'^^) — k and deg(J-'^(n + 2)) = —2k or, 
equivalently, deg(J-') = [r — h)[n + 2) + 2k. 
But we have also: 

rank(7V^^fc) > /c + 1, 

since, otherwise, some n'i should be > 1, so that some rii should be 
< n + 1, but this is impossible by Lemma [3.51 

By the above considerations it follows that: 

Proposition 3.7. //7ri(C„) has only ordinary singularities, then 

A^..(C„);P"- = 0^.{n + 2)-l— k(A.„-,,) ^ j:^ 

rankfAf-^ Wfc 

w/ieredeg(J"^(n+2)) = -2/c andJ'^Q. "■' 0^i{li), withU'>n+'i. 
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As in the case of normal bundle we obtain an exact sequence for restricted 
tangent bundle: 

(5) 



0^ (TI 



DJi — k I 



\7TL 



(C.)nn + l)^Sym-''V®0^^^^^^ 



■j-L 



O^.(c„)(l)^0, 



where we have indicated with T^^ the 2k x n matrix: 



/ al 



rpL/ 

-^n.k 



On-l \ 
,1 



-a, 



n 






So we have that deg((rP"-'=|^^((7„))V(n + 1)) = -k and 

/iO((rP"-'=U^(C„))^(n + 1)) = n - rank(ri;,) = dimker(ri;,). 

As rank((rP"-*-'|^^(c^))^(n + l)) = n-k, we have that (rF"-'=|^^(f;^))V(n + 
1) splits in to 0^^(^c^){t'i) ... C'„^(c„)(t'„-fc), by Grothendieck-Segre's 
theorem (see [6]) with t'l < ... < t'n-k < and t'l + .. + t'n-k = —k. 
Therefore we have that: 

rankT^^ > k + 1, 

otherwise some t'i must be > 1 which is impossible. 
We recall that: 



TP" 



\(-^n 



OUr^ + l). 



By the considerations above it follows that: 



Proposition 3.8. T¥ 



in— fcl 



1)) = -k and T ^ 0i^i 



WUCn) 



^ Opi(n+l)""''''''''(^".''-)eJ^, where degiT"^ {n+ 
^7TL{C„)ih), with li>n + 2. 



Remark 3.9. The rank of N^^^ (resp. T^^) does not depend from the points 
generating L. Let Fp. be the binary form of degree n which corresponds to 
the point pi E P". If we indicate with Catp^, (2, n — 2) or Catp.{2, n — 2) the 
Hankel matrix 3 x (n — 1) of Fp. we have: 



resp. 



rank N^ ^ = rank 



rank T^^= rank 



CatF„(2,n-2) 
CatF^^{2,n-2) 
CatF,^{l,n-l) 



CatF,^{l,n-l) 
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Remark 3.10. It's clear from the above consideration that the same value of 
Tdtiak^N^ f^) (resp. T^j^) may correspond to more splitting types oi N^^/Q^.^n-k 

(resp. rP-'=U^(c„)). 

4. Main Theorems 

When considering the matrix iV^^, we can notice that there are two dif- 
ferent cases: 

i) 3A; > n - 1, so ^ < fc < n - 3. 
ii) 3A; < n - 1, so A; < ^^. 

Definition 4.1. For all n € N, let us define /Oj. £ N as follow: 

r , for 3A; > n — 1 and 1 < r < n — k; 

n — 3k + r — 1 , for 3A; < n — 1 and r < 2k — 1. 

Remark 4.2. In the above definition, the conditions on r come from 

rank(7V„^,fc) > k + I. 

Lemma 4.3. Let pr < {n — k + l)/3. Then rank A''^^ = n — 1 — pr if and 
only if the centre of projection L = f^~^ is contained in the base locus of a 
linear system <l> generated by pr linearly independent f'^~^ 's which intersect 
Cn in degree n — 2. 

Proof. -^ Let L be a W which is contained in a linear system <I> = 

{tta ^ P"-^' : VTA = Aovro + ... + Ap,_i7rp^_i, VA = [Aq, ..., Ap,_i] € 
F^^^^}, where ttq, ...,7rp^_i intersect Cn in degree n — 2. Let Q' C C^ 
be the divisor such that ttj =< Qi >. Then there exist k points 
pi,...,Pk which generate L, such that each pi belongs to tta for all 
A e P^'— 1. Let Qx C Cn be the divisor such that tta =<Qx >, with 
SuppQa =< Q'^A, •••, Q'™A > ^'^d s < n - 2, i.e. Qx = miqi^x + ••• + 
nisqs^x- By Remark 12.61 the binary forms fi corresponding to pi can 
be decomposed as: 

fi = C;^ A-^l,A + ••• + Cn-2,A-^n-2,A' 

where Lj^x is the linear binary form corresponding in the usual way 
to Qjx for j = l,...,s, so L belongs to a P"~3pr (^ i^j-^jg jg possible 
thanks to the condition pr < {n — k + l)/3). So by the Apolarity 
Lemma (see |2) for each A € P^'"^ there exists a differential form 
(px G Tn-2 such that (j)x° fi = 0. Moreover there exist pr differential 
forms (j)Q, ...,(j)p^^i £ Tn-2 and, for each A € pP"--!^ we have (f)x = 
\o(t>o + ---- + \pr-i4'pr-i-> ill particular (pjofi = for ah j = 0, ...,pr-l 
and i = 1, ..., k, so rank A'^^^ = n — 1 — p^. 
=^ If rank A'^^^ = n—l—pr, then there exist p^. binary form (/)o, ..., </>p^_i € 
Tn-2 such that however we consider the generating points pi, ■■■,Pk S 
P" of L, we have </)„ o /j = (ao</>o + ••• + Op^-i'/'pr-i) o /i = for ah 
Q = [ao, ...jap^-i] G pP"--! and i = l,...,k, where fi S 5„ is the 
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binary form corresponding to pi. In particular (f)j o/j = 0, so we con- 
sider the primary decomposition of (/>„ = YYl=i 4>a ^-iid we indicate 
with {Li^a) = (p[^. Therefore /i, ..., fk can be decomposed in oo''''"^ 
different simultaneous ways, i.e.: 

for all a = [ao, •••, Opr-i] ^ F^^^^ or, in other words, L is contained in 
the base locus of a linear system $ = {ttx = P"'"^ : tta = Aottq + ... + 
Ap.-iVTp^-i, VA = [Ao,...,Ap^_i] G PP'--!} generated by pr linearly 
independent P"~^'s which intersect C„ in degree n — 2. So L lies in a 
pn-3pr ^ i^j-^jg jg possible thanks to the condition pr < {n — k + l)/3). 

D 

By the above Lemma and Prop 13.71 we obtain: 

Theorem 4.4. Let pr < {n — k + l)/3. // the centre of projection L = P^'^i 
is contained in the base locus of a linear system $ generated by pr linearly 
independent P"~3 >g yjji^QJi intersect Cn in degree n — 2, then N^ /Q\.p„-k = 
^irL{Cn)in + ^Y'' ® J^, where: 

i) if 3k >n-l andl<r <2k-l, then F ^ 0^^(^c„){n + 'if^~'^''' ®J" 
with rank(7'') = r and deg(7''^(n + 2)) = -2k ; 

ii) if3k<n—l and 1 < r < n — k, then T = ©j=o " ^TrL{C„)ih) 

with /j > n + 3 and deg(J'^(n + 2)) = -2k. 

Corollary 4.5. Let pr < {n — k + l)/3. The set of linear spaces L = P*=^i 
which lie in the base locus of a linear system <1> generated by pr linearly inde- 
pendent P"-~3 'g yjJiiQJi intersect Cn in n — 2 distinct points, is an irreducible 
dense set of codimension pr{3k — n + 1 + pr) of : 

i) iV^_fc((n + 2)^'-,(n + 3)2''~2^',spt(7'')) with spt{T') is the splitting 
type, rank(J-'') = r and deg{J-' (n + 2)) = —2k, for 3k > n — 1 and 
l<r <2k-l ; 
ii) N^_^{{n + 2Y , spt{T)) , with T a vector bundle of rankiank{N^j^) — k 

raiikfA^"^ ) k 

on P^ and deg(7'^(n + 2)) = -2k such that T ^ 0.^o "'' 0{k) 
with /j > n + 3, for 3k <n—\ and 1 < r < n — k. 

Proof We can observe that the linear systems <i>, of affine dimension pr, made 
of (n — 2)— secant P"~^'s to the rational normal curve C„ in P" correspond 
to the linear systems, of dimension pr, made of binary forms of degree n — 
2; therefore the set of these linear systems corresponds to Gr(P''''~^,P"'~^) 
which is irreducible with dimGr(P''''~^,P"'~^) = pr{n — 1 — p^)- We can 
compute the codimension of the variety of every ]P^~'^ which belongs to some 
(n — 2)— secant P"-~3 constructing an incidence variety: 

Is = {{L,tt) : L e Gr(P'=-\P"),7r e S,L C S}, 
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where S is the set of all possible base locus of a linear system $ generated by 
Pr linearly independent P"'~'^'s which intersect Cn in degree n—2. In the usual 
way we can compute the codimension of the image of this incidence variety 
in Gr(P , P"). We will indicated with (pi and 4>2 the natural projections: 




so the codimension in G'r(P^^^,P") of (piils) is equal to dimGr(P'^^^,P") — 
dim. S — dim. cl)2 (S). 

Each projection linear space L is contained in a P"-3pr^ gQ ^^j^g dimension 
of the fibre is k{n — 3pr + 1 — k), since pr < {n — k + l)/3. Therefore the 
variety of linear spaces L which lie in the base locus of a linear system $ is 
an irreducible variety of codimension pr{3k — n + 1 + pr) in Gr(P'^~-'^,P"). 
Notice that the above calculation is effective thanks to the result of Chiantini 
and Ciliberto on the non-defectivity of the Grassmannians of secant varieties 
of curves (see Theoren j2 . 1 2 1 and Prop l2.1^ . D 

4.1. Main Theorem for Normal Bundle. By a result in [12j we can 
calculate the generic splitting of a vector bundle J- as in Theorem 14.41 or 
Corollary 14.51 



Proposition 4.6. The generic splitting type of a vector bundle T on ¥^ , 
with deg(J"^(n + 2)) = -2k and T = ^'^Iq^''''''' Opi {k), with li>n + 3, is 
the following: 

{(n + 2 + 5)^-2fc+s-^, (n + 3 + Bf''~''-^). 
where we have indicated A = n — 1 — Pr — k and B = I — — tttt — ^ — r I • 

By Theorem 14.41 Cor 14. 51 and above Prop i4.6l we can state the main result 
of this work, which is the following by the above proposition: 

Theorem 4.7 (Main Theorem for Normal Bundle). Let C = ■KL{Cn) C P""'' 
and Pr < {n — k + l)/3. Then the following conditions are equivalent: 

i) we have 

iV^^(C„);pn-fc ^ Opi(n+2)^'-eOpi(n+2+5)^-2'=+^-^eOpi(n+3+S)2'=-^-^, 

where A = n — 1 — pr — k and B = [^J ; 
ii) the centre of projection L = P^^i is general in the variety of those 
P*^~^ which are contained in the base locus of a linear system $ gen- 
erated by Pr linearly independent '^^~^ 's which intersect Cn in degree 
n-2. 

In particular we obtain: 
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Corollary 4.8. Let pr < {n - k + l)/3. 

The variety of linear spaces L = 'S' which lie in the base locus of a 
linear system $ generated by pr linearly independent P"^^ '^ yj/j^^/i intersect 
Cn in n — 2 distinct points is an irreducible component of codimension 

Pr{3k - n+1 + Pr), of 

K-k(i^ + 2)'''-, (ra + 2 + 5)^-2fc+B-A^ (n + 3 + Bf"-^"^), where 

A = n-1- pr-k and B=l^]. 

4.2. Main Theorem for Restricted Tangent Bundle. When consider- 
ing tlie restricted tangent bundle on C = iTLiCn) C P""*-'^ we can notice that 
there are two different cases: 

i) 2k < n, so k < ^■, 
ii) 2A; > n, so I < A; < n - 3. 

Definition 4.9. For all n G N, let us define 5^ € N as follow: 

r , for 2k < n and 1 < 2r < k — 1; 



n — 3k + r — 1 , for 2k > n and r < n — k — 1. 

Remark 4.10. In the above definition, the conditions on r come from 

rank(ri;,) > k + 1. 

So we need the following proposition (see [12]): 

Proposition 4.11. The generic splitting type of a vector bundle 

T = ©"Jo^''"'' OpiC/j) with deg(J''^(n + 1)) = -k and each k > n + 2 is 
the following: 

((n + 1 + s)^-fc+s-^, (n + 2 + B)''-^'^). 

where A = n — 6r — k and B = [^J . 

In a similar way as for normal bundle, we obtain the following result which 
is stronger thanks to a result of Verdier (see |18| and |13|): 

Theorem 4.12 (Main Theorem for Restricted Tangent Bundle). Let 6r < 
(n — k + l)/2. The following conditions are equivalent: 

i) we have 

rr"-\^(C„) = Opi(n+l)'5'-eOpi(n+l+5)^-'=+^-^eOpi(n+2+5)'=-^-^), 

where A = n — Sr — k and B = [-^J ; 
ii) the centre of projection L is general among those ^^"^ which lie in the 
base locus of a linear system $ generated by 5r linearly independent 
linearly independent P"~2 'g yjfiiQfi intersect Cn C P" inn — 1 distinct 
points. 

By a result in [I8j and [13| : 
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Corollary 4.13. Let 6r < {n - k + l)/2. 

T^_k{{n+lY-,{n + l + B)^-''+^-^, [n+l+Bf-^-^), where A = n-6r-k 
and B = \_-^\, is an irreducible variety of codimension 6r{2k — n-\-6r), formed 
by the linear spaces L = f^~^ which lie in the base locus of a linear system 
$ generated by 5j. linearly independent linearly independent P"^2 '^ which 
intersect C^ C P" in n — 1 distinct points. 

5. Rational Space Curves of degree 5 

In some particular cases we can compute the multi-degree of the varieties 
considered above thanks to the given geometric description. In this section 
we will consider the case of rational space curves of degree 5; this case has 
been fully investigated with regard the restricted tangent bundle by Verdier 
(see |18| ) and Ramella (see [13]). 

By |18) and our results in the previous section we have: 

Theorem 5.1. The centre of projection L = ¥^ is the common line of a 
pencil of 4— secant P'^ 's to the rational normal curve C5 in P^ if and only if : 

rp3|,^(t;^)-Opi(6)2eOpi(8). 

Corollary 5.2. The variety of lines L that, as centre of projection, give a 
rational curve of degree 5 in P'^ which has TP^ , , pg = Opi (6) © Opi (6) © 

C'pi(8) is an irreducible variety of codimension 2 in Gr(P^,P^), formed by 
the lines L which are common base locus for a pencil of 4:— secant P^ 's to the 
rational normal curve C5 in P^. 

Now we want to analyze the splitting type of the normal bundle. 

Remark 5.3. If L € Gr(P^, P^) does not lie on the Chow Hypersurface of the 
Secant Variety cr2(C5) then ttl{C^) is smooth. 

We have that deg{N^^^c^y^p,{7)) = -4 and N^^^^^^y^^,{7) ^ Opi©Opi(-4) 
if and only if N.^^/Q^\.p3{—5) = C'pi(2) © C'pi(6). If we denote the following 
matrix as: 

/ al al al al \ 



nL 



\ 4 ^3 04 ai J 

we have that iV^^(C5);p3(-5) = C'pi(2)©C'pi(6) if and only if rank(iV5^2) = 
3 by PropEIl 

Proposition 5.4. Let C = TTiiC^) C P^, a quintic space curves, with at 
most ordinary singularities. Then ]^-ki^(C5);W'-^ — Cpi(7)©C'pi(ll) if and only 
if the centre of projection L € Gr(P^,P^) lies on a 3— secant plane to C5. 
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Proof. <^ If L belongs to a 3— secant plane, then there exist two points 

Pi,P2 € L such that the corresponding forms /i , /2 G Sn have the 
same additive decomposition of length 3: 

f^ = c\{L^f + ci,{L2f + cUL,f, 

for i = 1,2 and c* € C. Therefore we can construct a differential 

form (j) = Y[i=i(.-^j)'^ which generates hex N^2: so rankA^5'2 = 3 and 
by above consideration N^^fQ^\.f.3 — Opi(7) © C'pi(ll). 
=> If the rational curve of degree 5 projected from L has N^^fQ^\.p3 = 
C'pi(7)©Opi(ll), then rank A^^ 2 = 3. Therefore there exists a differ- 
ential form (/) G T3 apolar to both forms /i, /2 € S^ corresponding to 
the points pi,p2 G P^ which generate L. It means that we have two 
possibilities: either has only simple roots or it has some multiple 
root. So we must analyze three cases: 
i) (p has three simple roots; 
ii) (p has a simple root and a double root; 
iii) (p has one triple root. 

In the first case the primary decomposition is cp = ni=i ^j^ s° ^^ 
have that the forms /i,/2 has similar additive decompositions: 

for i = 1,2 and c*- € C. Here Lj € Si, {Lj)^ = 4>j, j = !> 2, 3 and L 
belongs to a 3— secant plane generated by qi,q2,Q3 G C's correspond- 

ingto(Ll)^(L2)^(L3)5G55. 

In the second case the primary decomposition is cp = (/>i02 with 
degcpi = deg(f>2 = 1, so we have: 

fi = c\{Lif + G^4L2)\ 

for i = 1,2 and 4 G C. Here Lj £ Si, {Lj)^ = (j)j for j = 1,2 
and Gi^2 G 5'i- This means that L belongs to the plane generated 
by L\ and the line parametrized by {G • Lg € 5*5 for all G € 6*1} 
i.e the plane generated by a point on C5 and a tangent line to C5 
in a different point. But in this case L intersects a tangent line, 
so the projected curve would have a cusp, which is excluded by our 
preliminary assumption on the singularities. 

In the third case the primary decomposition \s,(j) = (f)\ with deg (pi = 
1; we have: 

Ji = GiL , 

where L £ Si, L^ = (pi and Gi G 5*2. This means that L belongs 
to the plane parametrized by {G ■ L^ £ S^ for all G € S2} i.e the 
tangent plane to C5 in a point q corresponding to L^ G 5*5. But in 
this case L touches a tangent line, so the projected curve have a cusp 
which is excluded by our preliminary assumption on the singularities. 

D 
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Lemma 5.5. The variety of lines L S Gr{F^ ,F^) which lie on a 3— secant 
plane to the rational normal curve C5 is an irreducible variety of codimension 
3. 

Proof. Infact we can consider the incidence variety Is = {(L,7r) : L G 
Gr(P-'^,P^),7r G 5, L C 5} where S is the set of ah 3-secant planes to the 
rational normal curve in P^. In the usual way we can compute the codi- 
mension of the image of this incidence variety in Gr(P-'^,P^). The above 
calculation is effective thanks to the result of Chiantini and Ciliberto on 
the non-defectivity of the Grassmannians of secant varieties of curves (see 

m) □ 

Finally we show how to compute the multi-degree of this subvariety in the 
Grassmannian variety. 

Lemma 5.6. The variety of L £ Gr(P"'^,P^) which lie on a 3— secant plane 
has bidegree (1,6). 

Proof. If we fix a fiag made of two non-empty linear subspaces of P"' : Aq ^ 
Ai, the Schubert variety of this flag is the set: 

17(Ao,Ai) = {AG Gr(P\P^) | dim(A n A^) >i for i = 0,1}- 

A class of equivalence of r2(Ao, Ai) under projectivities is called a Schubert 
cycle and is denoted by il,{lo,li), where /j = dim Aj. 

A special Schubert cycle is Ua = f^(4 — a, 5). The multidegree of the 
considered variety is the set of the degrees of the intersection numbers of 
its with all Schubert cycles of dimension 3, i.e. r2(0, 4) and $7(1,3). With 
an easy computation we get that the first intersection number is 1 and the 
second one is 6. □ 

Hence we obtained the following: 

Theorem 5.7. N2{7, 11) is an irreducible variety of codimension 3 and bide- 
gree (1,6), formed by the lines L = P"*^ that lie on a 3— secant plane to the 
rational normal curve C5. 
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